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A NOTE ON THE LUC-COMPACTIFICATION OF LOCALLY
COMPACT GROUPS
SAFOURA JAFAR-ZADEH
Abstract. Let G be a locally compact non-compact topological group. We show
that Gluc (G∗) is an F-space if and only if G is a discrete group.
1. Introduction
Let G be a Hausdorff locally compact group and Cb(G) denote the Banach space of
bounded continuous functions on G with the uniform norm. An element f in Cb(G)
is called left uniformly continuous if g 7→ lgf , where lgf(x) = f(gx) is a continuous
map from G to Cb(G). Let LUC(G) denote the Banach space of left uniformly
continuous functions with the uniform norm. It can be seen that Cc(G) the space
of continuous compactly supported functions on G is a subspace of LUC(G). The
dual space of LUC(G), LUC(G)∗, with the following Arens-type product forms a
Banach algebra:
< m.n, f >=< m, nf > and < nf, g >=< n, lg(f) >,
where m,n ∈ LUC(G)∗, f ∈ LUC(G) and g ∈ G. In fact this product is an
extension to LUC(G)∗ of the convolution product on M(G).
The luc-compactification of a locally compact group G, denoted by Gluc can be
regarded as a generalization to locally compact groups, of the familiar Stone-Cech
compactification for discrete groups. As a topological space, Gluc is the Gelfand
spectrum of the unital commutative C∗−algebra of left uniformly continuous func-
tions on G, i.e., LUC(G) = C(Gluc). The restriction of the product on LUC(G)∗
to the subset Gluc of LUC(G)∗ turns Gluc into a semigroup. This product in fact
is an extension to Gluc of the product on G. In case G is a discrete group, since
LUC(G) = l∞(G) = C(βG), the luc−compactification of G is just its Stone-cech
compactification. The corona of the luc−compactification of G, Gluc \G, is demoted
by G∗ and is a closed subsemigroup of the compact semigroup Gluc.
F-spaces were studied in detail by L. Gillman and M. Henriksen in 1956 [5] as
the class of spaces for which C(X) is a ring in which every finitely generated ideal
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is a principal ideal. Several conditions both topological and algebraic were proved
equivalent for an F-space (see [6]).
Definition 1.1. A completely regular space X is an F-space if and only if for any
continuous bounded function f on X there is a continuous bounded function k on
X such that f = k|f |.
Many of the proofs in the case of discrete groups use the fact that for a dis-
crete space the Stone-Cech compactification and its corona are an F-space. This is
specially useful due to the following lemma. A proof is given in [8] lemma 1.1.
Lemma 1.2. If X is a compact space then X is an F-space if and only if for sigma-
compact subsets A and B of X, A¯ ∩ B = ∅ and A ∩ B¯ = ∅ implies that A¯ ∩ B¯ 6= ∅.
It follows from lemma 1.2 that:
Lemma 1.3. If X is a discrete space, then every compact subset of βX is an F-
space. In particular βX \X is an F- space.
We observed that for a locally compact group the luc−compactification (it’s
corona) is an F-space if and only if the group is discrete.
Definition 1.4. A topological space (X, τ) is called metrizable if there is a metric
d : X ×X → [0,∞) such that the topology induced by d is τ .
Any metrizable space is Hausdorff and first countable. Being Hausdorff and first
countable is not always enough for a topological space to be metrizable. However, in
case we are dealing with topological groups being Hausdorff and first countable turns
out to be sufficient to be metrizable. This is the content of the Birkhoff-Kakutani
theorem (see [7] theorem 8.5).
Proposition 1.5. (Birkhoff-Kakutani) For a topological group G the following three
properties are equivalent:
(i) G is first countable;
(ii) G is metrizable;
(iii) there exists a left-invariant compatible metric on G.
2. Proof of the main result
Our main goal is to show that if G is a locally compact non-discrete group then
neither Gluc nor G∗ are F-spaces. We first observe that in general a locally compact
non-discrete topological space that contains a convergent sequence is not an F-space.
To see this we recall the following lemma.
Lemma 2.1. Suppose that X is a locally compact space and K is a compact set in
X and let D be an open subset with K ⊆ D. Then there exists an open set E with
E¯ compact such that K ⊆ E ⊆ E¯ ⊆ D.
A NOTE ON THE LUC-COMPACTIFICATION OF LOCALLY COMPACT GROUPS 3
Note that the Urysohn’s lemma fails for luc−functions. An example is given
below.
Example 2.2. Consider the closed sets {(x, 1
x
), x ∈ R} and {(x, 0), x ∈ R} in R2.
It can be easily checked that there is no uniformly continuous function separating
these closed sets.
Theorem 2.3. If X is a Hausdorff locally compact non-discrete topological space
(group) with a nontrivial convergent sequence then X is not an F-space.
Proof. Suppose that X contains a non-trivial sequence (xn) convergent to a (non-
isolated) point x0 in X . Since x0 is not isolated and G is locally compact we can
construct inductively a nested family {Kn}n≥2 of compact neighbourhoods around
x0 such that xn /∈ Kn+1 for each n. To see this note that since x1 6= x0 there is
a precompact open set U0 such that x0 ∈ U0 and x1 6∈ U0. Apply lemma 2.1 with
K := {x0} and D := U0 to get K2. Without loss of generality we can assume that
(xn)n≥2 ∈ K2. Suppose that the compact set Kn is given such that xn−1 6∈ Kn.
Since xn 6= x0 there is a pre compact open set Un such that x0 ∈ Un ⊆ Kn and
xn 6∈ Un. Apply lemma 2.1 to get Kn+1 and note that xn 6∈ Kn+1.
Consider a convergent series
∑∞
n=1 an, where
∑m
n=1 an
∑m+1
n=1 an < 0 that is not abso-
lutely convergent. Using Urysohn’s lemma define the compactly supported function
fn such that fn(X \Kn) = 0 and fn(Kn−1) = an−1. Let f =
∑
fn. Then f is a con-
tinuous (compactly supported) function on X . For any function k where f = k|f |,
k is not continuos at x0 since the series we chose is not absolutely convergent.. 
So to show that Gluc (G∗) is not an F-space, it is enough to show that it contains
a nontrivial convergent sequence. In case that G is a metrizable non-discrete locally
compact group, G has a nontrivial convergent sequence, and we can use this sequence
to build one in Gluc. But what if G is not metrizable? The following theorem is due
to Kakutani-Kodaira (see [7] theorem 8.7).
Proposition 2.4. (Kakutani-Kodaira) Let G be a σ-compact locally compact group.
For any sequence (Un)n≥0 of neighbourhood of identity of G, there exists a compact
normal subgroup N of G contained in ∩n≥0Un such that G/K is metrizable.
We have the following hereditary property (see [7] theorem 5.38 e):
Lemma 2.5. Let G be a topological group and H be a closed subgroup then if H
and G/H are first countable so is G.
In a σ−compact locally compact group G the existence of a non-metrizable com-
pact normal subgroup is the only drawback to the non-metrizability of G.
Proposition 2.6. Let G be a non-metrizable σ−compact locally compact group and
N a compact normal subgroup of G such that G/N is metrizable. Then N is non-
metrizable.
Proof. This follows from proposition 1.5 and lemma 2.5. 
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If G is a locally compact group it contains a subgroup H that is σ-compact and
clopen. This is the content of the next lemma.
Lemma 2.7. If G is a locally compact non-discrete group then any symmetric pre
compact neighbourhood of the identity of G contains a subgroup H that is σ-compact
clopen and non-discrete.
Proof. Let U be a precompact symmetric open neighbourhood of identity and form
the subgroup H = ∪n∈NU
n. Then H is clopen and σ- compact. H is non-discrete
since it is open in G and G is a non-discrete topological group. 
Consider the group Z2 = {0, 1} taken with the discrete topology. Let κ be the
product space Zκ2 with the product topology. Then the space D
κ := Zκ2 is compact
totally disconnected and perfect. In particular, Dℵ0 is a metrizable space. In fact
every compact locally disconnected perfect metrizable space is homeomorphic to
Dℵ0.
In 1952 P.S. Alexandroff announced that every compact metric space is a continuous
image of the cantor set {0, 1}ℵ0. In 1958 Kuzminov [9] showed in fact that any
compact group is dyadic, i.e., a continuous image of a Cantor cube.
Proposition 2.8. Any compact group is dyadic.
The following is an independent result of Katetov and Efimov [2].
Proposition 2.9. Every non-isolated point of a dyadic space is the limit of a se-
quence of distinct points.
Lemma 2.10. If G is a locally compact non discrete group then G has a non-trivial
convergent sequence.
Proof. It is easy to see that if G is a metrizable non-discrete locally compact group
then G has a non-trivial convergent sequence. If G is a locally compact non-discrete
group then G has a subgroup H that is sigma-compact, clopen and non-discrete.
By Kakutani-Kodaira theorem there is a compact normal subgroup N of H such
that H/N is metrizable. If H is metrizable then any point in H is a limit point of
a convergent sequence in G. Since H is open in G this sequence is also convergent
in G. If H is not metrizable then since N/H is metrizable N can’t be metrizable
otherwise H would be metrizable. Since N is not metrizable it can’t be finite and so
since it is compact it has a non-isolated point. By structure theorem of Kuzminov
we know that N is a continuous image of the Cantor cube {0, 1}κ for some cardinal
number κ. Now by Katetov and Efimov we have that every point in N is the limit
point of a non-trivial sequence. Any such nontrivial convergent sequence is also
convergent in the open subgroup H and therefore in G. 
Theorem 2.11. If G is a locally compact non-discrete group then neither Gluc nor
G∗ are F-spaces.
Proof. Suppose that G is a locally compact non-discrete group. Then G contains a
non-trivial sequence say (xn) convergent to x. Suppose that z is a right cancellable
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element in G∗ then the nontrivial sequence (xnz) convergent to xz. So in both cases,
they are not F-spaces. 
Corollary 2.12. If G is a locally compact group and H is a discrete group then if
G∗ is homeomorphic to H∗, then G must be discrete.
Proof. Since H is discrete H∗ is an F-space. Since G∗ is homeomorphic to H∗ it is
also an F-space and therefore G is discrete. 
Corollary 2.13. Let G be a locally compact non-discrete group. Then G∗ is not
discrete.
Proof. Since G∗ is not an F−space the result follows. 
Definition 2.14. A point in a topological space is called a P-point if every Gδ−set
containing the point is a neighbourhood of the point.
Corollary 2.15. Suppose that G is a locally compact non-discrete group. Then G∗
doesn’t contain any P−point.
Proof. For each point p in G∗ there is a non-trivial convergent sequence (xn). Let
{Un} be a family of open sets of p such that for each n, x1, x2, ..., xn 6∈ Un. Then for
each n, xn 6∈ ∩mUm so ∩mUm can’t be open and so p is not a P−point. 
If G is a discrete group then under the continuum hypothesis the set of P−points
in G∗ forms a dense subset in G∗ (see the remark on page 385 of [4]).
Corollary 2.16. If G is a locally compact group Gluc \G has a P−point if and only
if G is discrete.
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